Abstract. We give two specializations of Krasner's mass formula. The first formula yields the number of extensions of a p-adic field with given, inertia degree, ramification index, discriminant, and ramification polygon. We then refine this formula further to the case where an additional invariant related to the residual polynomials of the segments of the ramification polygon is given.
Introduction
Krasner [Kra66] gave a formula for the number of totally ramified extensions, using his famous lemma as a main tool. In addition to the choice of degree, his formula depends on the choice of discriminant. This choice allows the construction of a finite set of Eisenstein polynomials which generate all totally ramified extensions of given discriminant.
We specialize these methods to compute the number of totally ramified extensions with the additional choice of ramification polygon and residual polynomials of segments, using the results on these invariants from [PS15] . The descriptions of these invariants allow us to compute all of their possible values, as is done in [Sin15] and partition the extensions of particular degree and discriminant, the results of which we see in our examples in Section 8.
1.1. Notation. We denote by Q p the field of p-adic numbers and by v p the (exponential) valuation with v p (p) = 1. Let K be a finite extension of Q p , let O K be the valuation ring of K, and denote by π a uniformizer of O K . Let p = (π) be the ideal generated by π.
For γ ∈ O K we denote by γ the class γ + p in K = O K /p. We denote by R K a fixed set of representatives of the elements of K in O K and if δ ∈ K then δ ∈ R K is the element such δ = δ.
We write v p for the valuation of K that is normalized such that v p (π) = 1. The unique extension of v p to an algebraic closure K of K (or to any intermediate field) is also denoted by v p . For α ∈ K, we write |α| to denote its absolute value.
For a polynomial f ∈ O K [x] of degree n we denote its coefficients by f i (0 ≤ i ≤ n) such that f (x) = x n + f n−1 x n−1 + · · · + f 0 and write f i = ∞ j=0 f i,j π j where f i,j ∈ R K . If f is Eisenstein then f n = 1, f 0,1 = 0 and f i,0 = 0 for 0 ≤ i ≤ n − 1.
We will use the following notation to refer to elements in K with finitely many non-zero π-adic coefficients. Let l, m be two integers with 1 ≤ l ≤ m, let R l,m be a fixed set of representatives of the quotient p l /p m , and let R × l,m be the subset of R l,m whose elements have π-adic valuation of exactly l.
Effects of Extension Invariants on Generating Polynomials
2.1. Discriminant. We recall some of the results Krasner used to obtain his formula for the number of extensions of a p-adic field [Kra66] , which may also be found in [PR01] . The possible discriminants of finite extensions are given by Ore's conditions [Ore26] .
Proposition 2.1 (Ore's conditions). Let K be a finite extension of Q p with maximal ideal p. Given J 0 ∈ Z let a, b ∈ Z be such that J 0 = a 0 n + b 0 and 0 ≤ b 0 < n. Then there exist totally ramified extensions L/K of degree n and discriminant p n+J 0 −1 if and only if
The proof of Ore's conditions yields a certain form for the generating polynomials of extensions with given discriminant.
Lemma 2.2. Let J 0 = a 0 n + b 0 satisfy Ore's conditions. For 1 ≤ i ≤ n − 1, let
Krasner's Lemma yields a bound over which the p-adic coefficients of the coefficients of a generating polynomial can be chosen to be 0, while still generating the same extensions. We state the following lemma here, but its proof will be shown as a consequence of Theorem 4.1.
Lemma 2.3 (Krasner). Each totally ramified extension of degree n with discriminant p n+J 0 −1 can be generated by a polynomial with coefficients in R 0,c , where c > 1 + (2J 0 )/n.
By the previous two lemmas, every extension of a given discriminant can be generated by a polynomial of a particular form with coefficients with only finitely many non-zero p-adic coefficients.
Proposition 2.4. Let J 0 = a 0 n + b 0 satisfy Ore's conditions, c > 1 + 2a 0 + 2b 0 n , l(i) as in Lemma 2.2, and let Ψ n,J 0 (c) be the set of all polynomials ψ(
The polynomials in Ψ n,J 0 (c) are Eisenstein polynomials of discriminant p n+J 0 −1 , and each totally ramified extension of degree n with discriminant p n+J 0 −1 can be generated by a polynomial in Ψ n,J 0 (c).
2.2. Ramification Polygons. To distinguish totally ramified extensions further we use an additional invariant, namely the ramification polygon.
Definition 2.5. Assume that the Eisenstein polynomial f defines L/K. The ramification polygon R f of f is the Newton polygon N of the ramification polynomial ρ(
Figure 1. Ramification polygon of an Eisenstein polynomial f of degree n and discriminant p n+J 0 −1 with ℓ + 1 segments and u − 1 points on the polygon with ordinate above 0.
The ramification polygon R f of f is an invariant of L/K (see [GP12, Proposition 4 .4] for example) called the ramification polygon of L/K which we denote R L/K . Ramification polygons have been used to study ramification groups and reciprocity [Sch03] , compute splitting fields and Galois groups [GP12] , describe maximal abelian extensions [Lub81] , and answer questions of commutativity in p-adic dynamical systems [Li97] .
Let
be an Eisenstein polynomial, denote by α a root of f , and
be the ramification polynomial of f . Then the coefficients of ρ are
Remark 2.6. Throughout this paper we describe ramification polygons by the set of points
. . , (n, 0)} where not all points in P have to be vertices of the polygon R. We write R = P. This gives a finer distinction between fields by their ramification polygons and also allows for an easier description of the invariant based on the residual polynomials of the segments of the ramification polygon, see Section 2.3.
We recall a necessary result concerning the points of ramification polygons and their effects on generating polynomials from [PS15, Section 3].
Lemma 2.7. Let f ∈ O K [x] be an Eisenstein polynomial with ramification polygon
Further, if there is no point with abscissa p i , where
A single point on the ramification polygon can give a lower bound for the valuation of multiple coefficients, so we define functions that give us the minimum valuation of a coefficient based on a point (or lack thereof) on the ramification polygon with abscissa p s and minimum valuations based on the entire polygon.
In the following definition, due to Lemma 2.7, l R f (i, s) for 1 ≤ s ≤ s u and p s ≤ i ≤ n gives the minimum valuation of f i due to a point (or lack thereof) with abscissa p s on the ramification polygon R f of f . By taking the maximum of these over all s, we define
Definition 2.8. Let R f be the ramification polygon of f with points
and where
If there is no point above p u with s t < u < s t+1 , then for p
Finally, set
Definition 2.8 yields a simple way to describe a set of conditions for an Eisenstein polynomial to generate an extension with given ramification polygon R.
Proposition 2.9. An Eisenstein polynomial f has ramification polygon
where L R is as defined in Definition 2.8.
Similar to the case of the discriminant, we have an function for the lower bound of the valuation of each coefficient, and so we can construct a finite set of Eisenstein polynomials with given ramification polygon as a consequence of Proposition 2.9 and Lemma 2.3.
Proposition 2.10. For a ramification polygon R with points
, and let Ψ n,J 0 ,R (c) be the set of all polynomials ψ(
The polynomials in Ψ n,J 0 ,R (c) generate all totally ramified extensions of K of degree n, discriminant p n+J 0 −1 , and ramification polygon R.
Residual Polynomials of Segments.
Residual (or associated) polynomials were introduced by Ore [Ore28] . They yield information about the unramified part of the extension generated by the factors of a polynomial. This makes them a useful tool in the computation of ideal decompositions and integral bases [GMN13, Mon99, MN92] the closely related problem of polynomial factorization over local fields [GNP12, Pau10] , and the efficient enumeration of totally ramified local field extensions [PS15] .
. Let S be a segment of the Newton polygon of ρ of length l with endpoints (k, v α (ρ)) and (k + l, v α (ρ k+l )), and slope
is called the residual polynomial of S.
Remark 2.12. The ramification polygon of a polynomial f and the residual polynomials of its segments yield a subfield M of the splitting field N of f , such that N/M is a p-extension [GP12, Theorem 9.1].
From the definition we obtain some of the properties of residual polynomials.
. Let N be the Newton polygon of ρ with segments S 1 , . . . , S ℓ and let A 1 , . . . , A ℓ be the corresponding residual polynomials.
From now on we consider the residual polynomials of the segments of a ramification polygon. We recall some of the results of [PS15, Section 4].
Proposition 2.14. Let f ∈ O K [x] be Eisenstein of degree n = p r e 0 with gcd(p, e 0 ) = 1, let α be a root of f , ρ the ramification polynomial, and R f the ramification polygon of f .
(a) If e 0 = 1 then R f has a horizontal segment of length p r (e 0 −1) with residual polynomial
This immediately gives:
be Eisenstein and R f its ramification polygon of f . 
We give criteria for the existence of polynomials with given ramification polygon R with given residual polynomials of its segments.
Proposition 2.16. Let n = p r e 0 with gcd(p, e 0 ) = 1 and let R be a ramification polygon with points
. . , S ℓ be the segments of R with end-
There is an Eisenstein polynomial f of degree p r e 0 with ramification polygon R and segments S 1 , . . . , S ℓ with residual polynomials
We define the invariant A of L/K that is obtained from the residual polynomials of the segments of the ramification polygon of f . 
Example 2.19. Let f (x) = x 9 + 6x 3 + 9x + 3. The ramification polygon of f consists of the two segments with end points (1, 10), (3, 3) and (3, 3), (9, 0) and residual polynomials 1 + 2x and 2 + x 3 . We get A = {(1 + 2x, 2 + x 3 ), (1 + x, 1 + x 3 )}.
The choice of a representative of the invariant A determines some of the coefficients of the generating polynomials with this invariant.
Lemma 2.20. Let f ∈ O K [x] be Eisenstein of degree n. Let S be a segment of ramification polygon of f with endpoints (p
Finally, we construct a set of Eisenstein generating polynomials for extensions with given degree, discriminant, ramification polygon, and invariant A. This set Ψ n,J 0 ,R,A (c) is a subset of Ψ n,J 0 ,R (c), so its members have the desired discriminant and ramification polygon, and by setting certain coefficients of the p-adic expansion of polynomial coefficients, these polynomials will have residual polynomials (A 1 , . . . , A ℓ ) ∈ A by construction. 
and where all ψ i,L R (i) for i ∈ B R are set by the same choice of (A 1 , . . . , A ℓ ) ∈ A according to Lemma 2.20. The polynomials in Ψ n,J 0 ,R,A (c) generate totally ramified extensions of K of degree n, discriminant p n+J 0 −1 , ramification polygon R, and invariant A.
An Ultrametric Distance of Polynomials
For two irreducible polynomials f, g ∈ K[x] of degree n, we use an ultrametric distance defined by Krasner that we will later relate to the distance of the roots of these two polynomials.
Proposition 3.1. Let f, g ∈ K[x] be two irreducible polynomials of degree n. If α is a root of f and β is a root of g, then d(f, g) = |f (β)| = |g(α)| defines an ultrametric distance over the set of irreducible polynomials of degree n in K[x]. Additionally, if α = α 1 , . . . , α n are the roots of f , and β is one of the roots of g which is closest to α, then
We can calculate the distance d(f, g) easily using the following lemma.
Lemma 3.2 ([PR01],Lemma 4.2).
Using the same notation as Proposition 3.1, write f (x) = x n + f n−1 x n−1 + · · · + f 0 and g(x) = x n + g n−1 x n−1 + · · · + g 0 , and set
Then d(f, g) = |π| w .
A Generalization of Krasner's Mass Formula
We generalize the proof of Krasner's mass formula to include cases where additional invariants beyond the discriminant may be fixed. Let X be a set of invariants of a totally ramified extension over K minimally containing a degree n and discriminant p n+J 0 −1 . Let K X denote the set of totally ramified extensions over K with invariants X and E X denote the set of Eisenstein polynomials in K[x] generating extensions with invariants X. The roots of the polynomials in E X generate all extensions in K X . Let c > 1 + (2J 0 )/n and Ψ X (c) be the set of all Eisenstein polynomials with coefficients in R 1,c whose roots generate totally ramified extensions with invariants X.
Theorem 4.1 (Krasner). The set E n,J 0 of Eisenstein polynomials of degree n and discriminant p n+J 0 −1 over K is the disjoint union of the closed discs D E n,J 0 (ψ, r) with centers ψ ∈ Ψ n,J 0 (c) and radius r = |p c |.
Corollary 4.2. Let f be an Eisenstein polynomial of degree n and discriminant p
c . Let α be a root of f and β a root of g such that |β − α| is minimal. Then α ∈ K(β).
Krasner's bound (Lemma 2.3) is a direct consequence of the previous corollary.
Corollary 4.3. The set E X is the disjoint union of the closed discs D E X (ψ, r) with centers ψ ∈ Ψ X (c) and radius r = |p c |.
Proof. If X only contains a degree and discriminant, then this is Theorem 4.1. By the definition of Ψ X , for any ψ ∈ Ψ X (c), we have that ψ ∈ E X . As X contains a degree and discriminant, Ψ X (c) ⊆ Ψ n,J 0 (c), so D E X (r) ⊆ D E n,J 0 (r), and so by Theorem 4.1, we know that Ψ X (c) is a set of disjoint closed discs.
Let f (x) = f i x i ∈ E X and g(x) = ψ i x i such that g i ∈ R 1,c and g i ≡ f i mod p c . By Corollary 4.2, g ∈ E X , and with g i ∈ R 1,c , we have g ∈ Ψ X . By our choices of g i , we have that v p (f i − g i ) ≥ c for i = 0, . . . , n − 1. Therefore, for all i,
which, by Lemma 3.2, shows that f ∈ D E X (g, r) with r = |p c |.
Lemma 4.4. Let X be a set of invariants of a totally ramified extension over K containing degree n and discriminant p n+J 0 −1 . Let c > 1 + (2J 0 )/n and let #D E X (r) denote the number of disjoint closed discs of radius r = |π c | in E X . Then the number of elements in K X is
L , where p L is the prime ideal of L. Let χ be the map that sends α ∈ Π X to its minimal polynomial χ(α) ∈ E X . Let t > J 0 + 1 be an integer and let s = |π (n+j 0 −1+t)/n |. Let u = |π t | 1/n , and let α, β ∈ Π X such that |α − β| ≤ u. By Krasner's Lemma, α and β generate the same field. Let α = α 1 , α 2 , . . . , α n denote the roots of χ(α). Then
Let α be a root of f so f = χ(α) and β be the root of g such that |β − α| is minimal. We claim that |β − α| < u, as otherwise
which contradicts the assumption that d(f, g) < s. As |β − α| < u, we have
It is clear that the map χ is n-to-one and surjective. Now, the inverse image of χ(α) is the set of conjugates of α over K. As t > j + 1, the closed discs of radius u centered at these conjugates are all disjoint. Thus, the inverse image of any closed disc of radius s in E X is the disjoint union of n closed discs of radius u in Π X . However, by the earlier remark, any such disc is contained in p L \ p 2 L for some L ∈ K X . Therefore, the number of disjoint closed discs of radius u in Π X is equal to #K X times the number of disjoint closed discs in p L \ p 2 L , which does not depend on L and is q t−1 − q t−2 . Thus,
and choosing t = nc − (n + J 0 − 1) gives us our result.
Mass Formula Given a Discriminant (Krasner)
Proposition 5.1. Let Ψ n,J 0 be the set of polynomials over K with degree n and discriminant p n+J 0 −1 whose coefficients are in R 1,c . The number of polynomials in Ψ n,J 0 is
Theorem 5.2. The number of distinct totally ramified extensions of K of degree n and discriminant
Example 5.3. As an example, let us count all totally ramified extensions of Q 3 with degree 9 and discriminant (3) 9+7−1 . From this discriminant, we have J 0 = 7. We find minima for the v p (ϕ i ) if ϕ is to be an Eisenstein polynomial of this discriminant. By Lemma 2.2,
So, l(i) = 12, and from the formula, we find that there are 9 · 2 · 3 9+7−1−12−1 = 162 degree 9 extensions of Q 3 with discriminant (3)
9+7−1 .
Mass Formula Given a Ramification Polygon
Proposition 6.1. Let Ψ n,J 0 ,R (c) be the set of Eisenstein polynomials with degree n, discriminant p n+J 0 −1 , and ramification polygon R with coefficients whose coefficients above c are zero (see Lemma 2.3). Then
, and for i ∈ B R the number in R * L R (i),c is (q − 1)q c−L(i)−1 . The product of these is our result.
Theorem 6.2. The number of distinct totally ramified extensions of K of degree n, discriminant p n+J 0 −1 , and ramification polygon R is
Example 6.3 (Example 5.3 continued). We count the totally ramified extensions of Q 3 with degree 9 and discriminant (3) 9+7−1 for the possible choices of ramification polygons. Again, we have J 0 = 7 and l R (i, 0) = l(i) = 2 for i ∈ {1, 2, 4, 5} 1 for i ∈ {3, 6, 7, 8}
There are two possible ramification polygons for this degree and discriminant: R 1 with vertices {(1, 7), (9, 0)} and R 2 with vertices {(1, 7), (3, 3), (9, 0)}. We have already considered the conditions on the polynomial dictated by the vertex (1, 7), so it only remains to consider the effect of a vertex (or lack thereof) above 3.
For R 1 , no vertex above 3 means l R 1 (3, 1) = 2 and l R 1 (6, 1) = 1. For an Eisenstein polynomial to have ramification polynomial R 1 , the minimum valuations of the coefficients are
So, L R 1 (i) = 13. Next we find the set of indexes (1 ≤ i ≤ n − 1) of coefficients that must have a fixed valuation in order for an Eisenstein polynomial to generating such an extension according to Proposition 2.9. B R 1 = {J i mod n : 0 ≤ i ≤ s ℓ and J i mod n = 0} = {7}
As #B R 1 = 1, only one coefficient must have its minimum valuation. Thus, by applying the formula, we find that there are 9 · 2 1 · 3 9+7−1−13−1 = 54 degree 9 extensions of Q 3 with ramification polygon R 1 .
For R 2 , the vertex (3, 3) gives us that l R 2 (3, 1) = 1 and l R 2 (6, 1) = 1. For an Eisenstein polynomial to have ramification polynomial R 2 , the minimum valuations of the coefficients would have to be
The set of indexes (1 ≤ i ≤ n − 1) of coefficients that must have a specific valuation in order for an Eisenstein polynomial to generating such an extension is
So there are #B R 2 = 2 coefficients of fixed valuation. Thus, by applying the formula, we find that there are 9 · 2 2 · 3 9+7−1−12−2 = 108 degree 9 extensions of Q 3 with ramification polygon R 2 .
Krasner's mass formula states that there are 162 totally ramified extensions of Q 3 with degree 9, which we have partitioned by the two possible ramification polygons.
Mass Formula Given Residual Polynomials
Proposition 7.1. The number of Eisenstein polynomials of degree n, with given discriminant p n+J 0 −1 , ramification polygon R, and invariant A with coefficients in R 1,c is
Proof. The first non-zero coefficient of the constant term of an Eisenstein polynomial is not determined by the choice of A, so that coefficient may be any element of R * 1,c , of which there are (q − 1) q c−2 elements. For each i / ∈ B R , we have the number of elements in R L R (i),c , which is q c−L(i) . For i ∈ B R , the choice of (A 1 , . . . , A ℓ ) ∈ A, fixes the first non-zero coefficient of our coefficients. The number of elements in R * L R (i),c with a fixed first non-zero coefficient is q c−L(i)−1 . We have #A ways to fix those coefficients, and the product of these is our result.
Theorem 7.2. The number of distinct totally ramified extensions of K of degree n, discriminant p n+J 0 −1 , ramification polygon R, and invariant A is
Example 7.3 (Example 6.3 continued). We count all totally ramified extensions of Q 3 with degree 9, discriminant (3) 9+7−1 , and ramification polygon R 2 = {(1, 7), (3, 3), (9, 0)} As before, for an Eisenstein polynomial to have ramification polynomial R 2 , the minimum valuations of the coefficients would have to be
and the number of coefficients of fixed valuation is #B R 2 = 2. There are four possible sets of residual polynomials of segments (A 1 , A 2 ) for extensions with ramification polygon R 2 , belonging to two invariants A:
A 1 = {(x 2 + 1, x 3 + 1), (2x 2 + 2, x 3 + 2)} A 2 = {(x 2 + 2, x 3 + 1), (2x 2 + 1, x 3 + 2)} Each of these invariants contain two polynomials, so by applying the formula, we find that there are 9 · 2 · 3 9+7−1−12−2 = 54 degree 9 extensions of Q 3 with ramification polygon R 2 and a choice of A.
Examples
In Table 1 , we show the number of extensions of degree 9 over Q 3 with given invariants. For discriminants (3)
9+J 0 −1 with J 0 ≤ 12, we list all possible ramification polygons and invariants A, and how many extensions exist with each set of invariants.
Additional examples for different base fields and degrees with all possible discriminants can be found at http://www.uncg.edu/mat/numbertheory/tables/local/counting/ Table 1 . Number of extensions of degree 9 for all possible ramification polygons and residual polynomials over Q 3 with discriminant (3) 9+J 0 −1 for J 0 ≤ 12. {(1, 10), (3, 6), (9, 0)} (z 2 + 1, z 6 + 1) 1 27 108 (2z 2 + 1, z 6 + 2) 1 27 (z 2 + 2, z 6 + 1) 1 27 (2z 2 + 2, z 6 + 2) 1 27 11 {(1, 11), (9, 0)} (z + 1) 2 54 54 486 {(1, 11), (3, 3), (9, 0)} (z 2 + 1, z 3 + 1) 2 162 324 (2z 2 + 1, z 3 + 2) 2 162 {(1, 11), (3, 6), (9, 0)} (z + 1, z 6 + 1) 2 54 108 (2z + 1, z 6 + 2) 2 54
12 {(1, 12), (3, 3), (9, 0)} (2z + 1, z 3 + 2) 1 243 486 486 (z + 2, z 3 + 1) 1 243
